Midterm Exam Calculus 2 university of
= :
10 March 2016, 14:00-16:00 %g groningen

The exam consists of 4 problems. You have 120 minutes to answer the ques-
tions. You can achieve 100 points which includes a bonus of 10 points.

1. [8+7+5 Points.]
For the function f: R? — R with

f<:vy>:{¢$—y—+yz if (z,y) # (0,0)

)
Y

0,0
0 if (z,y) = (0,0)
(a) use the definition of partial derivatives to calculate f,(0,0) and f,(0,0),
(b) use the definition of the directional derivative to compute D, f(0,0) for a unit
vector v = (u,w) € R2.
(c) Is f differentiable at (x,y) = (0,0)7 Justify your answer.

2. [104-5+10 Points.]
Consider the curve parametrized by r : [-1,1] — R? with

1 1
r(t) =ti+ g(1+ )325 + (1= )32 k.

(a) Determine the parametrization by arc length.
(b) For each point on the curve, determine a unit tangent vector.

(c) At each point on the curve, determine the curvature of the curve.

3. [104-10+5 Points.]

(a) Use the method of Lagrange multipliers to find the points (x1, y1, 21) and (22, y2, 22)
on the unit sphere 22 + y? + 22 = 1 where f(z,y,2) = x + y — 2 assumes its
maximum value and its minimum value, respectively.

(b) Show that the tangent plane of the unit sphere at the point (x1, 41, 21) is given
by the equation f(x,y,2) = f(x1,y1, 21) and the tangent plane of the unit sphere
at the point (9, Yo, 22) is given by the equation f(z,y,z) = f(x2, Y2, 22).

(c) Let (0,0, 20) € R3. Show that f agrees with its linearization at (zg, yo, 20)-

///W(xszyQ%—sz)dV,

where W is the solid cylinder defined by the inequalities 2% +1y? <4 and —1 < z < 2.

4. [20 Points.]

Determine



Solutions

1. (a) Following the definition, the partial derivative of f with respect to = at (z,y) =

(0,0) is
h-0
ho0) — L0
1:0,0) = iy FEERGZER — g SR — o o
— — —
Similarly
0-h
o f0,04h) = £0,0) L e 0
1,(0,0) = fim, n = T a0 =0

(b) Let v = (u,w) € R? be a unit vector. Then

£((0,0) + tv) — £(0,0) F((0+tu, 0+ tw)) — f(0,0)

Dy f(0,0) = lim t = lim t
tu-tw -0 2
— lim YA iy Tuw = uw = uw
t—0 t =0 2/u2 + w2 Vu? + w? ’

where in the last equality we used that v has unit length.

(c) fisnot differentiable at (0,0). If f was differentiable at (0, 0) then the directional
derivative in (b) would be

D, f(0,0) = Vf(0.0) - v = f,(0,0)u+ f,(0,0)w =0

for all u,w with u? + w? =1 as according to (a) we have f,(0,0) = f,(0,0) = 0.
This contradicts the result in (b) for u,w # 0.

2. (a) The tangent vector
1 1
r'(t) =i+ S+ 25— 51— )2k
has length
1 12 (3

WO = (1+ 0 +0+70-0)"" = /5.

The arc length is hence

s(t) = » lt'(7)| dr = \/g(t +1).

Note that s(—1) = 0 and s(1) = v/6 where the latter is the length of the curve.

Inverting for ¢ gives
2
t(s) =1/=s—1.
=3

The parametrization by arc length is hence given by

P(s) = r(t(s)) = (\/gs —1)i+ %(\/gs)?’”j + %(z = gs)"“/Zk.



(b) The unit tangent vector is given by

_ df<s>_\/§- L 2\ﬁ 2y 1 [2 _\ﬁ ¥z
T = 5 =V3itay3ly39) Ti-gy5@2-y38) Tk

which agrees with

fort:\/gs—l.

(c¢) The curvature is given by

_odTy L 2 e, L (2 S
" Hds - 6(\/;5) JHgR—y39) Tk
1/2
1 1 n 1
6 \/gs 2—\/25
which agrees with
Hie
de |} ||

fort:\/gs—l.

3. (a) Let g(x,y, z) = x*+y?+2°. Then the unit sphere is the level set of g with value 1.
At an extremum of f under the constraint g(x,y, z) = 1 there is according to the
theorem on Lagrange multipliers a A € R such that AV f(x,y,2) = Vg(z,vy, 2).
Together with the constraint g(x,y,z) = 1 this gives the following four scalar

equations:
Afx(xaya 2) = gz(l‘aya Z)v
Mylx,y,2) = gy(x,y,2),
Afz(xaya Z) = gz(xvya Z)v
4yt 422 =1
ie.
A = 2z,
A= 2y,
-\ = 2z,
?+y?+ 22 = 1

We see that © = y = —z which needs to be satisfied together with 22 +y?+22 = 1
(A is then given by, e.g., 2x). This leads to the two points

1 1 1
(x1,y1,21) = (%, ﬁ’ —%)

1 1 1
(T2, Y2, 22) = (— ﬁ’ —%, %) .

From the Weierstrass Extreme Value Theorem we know that f assumes its max-
imum and minimum values on the unit sphere. From f(z1,y1,21) = v/3 and

and



f(x9,y2,20) = —V/3 we see that (z1,%1,2) is the point where f assumes its
maximum and (zg, ya, 22) is the point where f assumes its minimum.
(b) The tangent plane of the unit sphere at (z, yx, 2x) is orthogonal to Vg(xy, yk, 2x)
for k = 1,2. The tangent plane at (z, yx, zx) is hence given by Vg(zk, yx, 2k) -
(x — T,y — Yg, 2 — 2x) = 0. For (z1,y1, z1) this gives
1 1 1 1

L v e R LRk S R
SRR AR ST GRS B S B
3 3T B T3 33

& rtHy—z2= \/§
As V3 = f(x1,91,2) we see that the tangent plane of the unit sphere at

(21,91, 21) satisfies f(z,y,2) = f(z1,y1,21).
Similarly for (x,,y,, z,) then tangent plane is given by

1 1

1
i v Ca kv
1 1 1 1 1 1

—xrx—=-——=y—=+—4=2—=-=0
V3t T3 B 3T /83
& rTHy—z= —\/5.

As —/3 = f(xy,y2, 22) we see that the tangent plane of the unit sphere at

(T2, Yo, 20) satisfies f(x,y,2) = f(22, Y2, 22).
(c) The linearization of f at (zo,yo, 20) is given by

L(z,y,2) = [f(z0,%0,20) + fo(T0, Y0, 20)(x — 20) + fy (70, Y0, 20) (¥ — ¥o) + f=(0, Yo, 20) (2 — 20)
zo+yo—2+1-(x—x0)+1-(y—1y)—1-(2—2)
r+y—=z

0

<:>_

which agrees with f(z,y, z).

4. The cylinder geometry suggests to use cylinder coordinates, i.e. z = rcosf, y =
rsinf and z stays z. Then

2 2 por
/// (> +9y* +225)dV = / / / ((rcos)? + (rsin6)® + 22%) rdfdrdz
w
= 27r// r+2zr drdz
-1

=2
= 27r/1 [47“ +Z2r2} :Odz

2
= 27r/ (4 +42%) dz

1
4 o=
= 27r[4z+3z} 721
32 4
= 2m((8+ 5 (—4—5))
= 27r(12—|—%)
= 48.



